This paper deals with the dynamical behaviors for a competition and cooperation model of two enterprises with two small delays introduced by Liao et al. [7] . The simplicity of characteristic roots is proved and an analysis of the model with small time delays is provided.
Introduction
In [7] , Liao et al. proposed the following competition and cooperation model of two enterprises with two delays:
where x = x 1 −c 1 , y = x 2 −c 2 ; x d j = x(t−τ j ) and y d j = y(t−τ j ); τ j ≥ 0 denoting time delays; a j = r j /K j (j = 1, 2), b 1 = αr 1 /K 2 and b 2 = βr 2 /K 1 . Here, x 1 and x 2 represent the output of enterprises; r j , K j and c j denote the intrinsic growth, the load capacity and the initial production for enterprises, respectively; α, β are coefficients of competition and cooperation of two enterprises Liao et al. [7] showed that system (1) has a unique positive equilibrium (x * , y * ) if condition
holds. By choosing the diverse delay as a bifurcation parameter, the complex Hopf bifurcation phenomenon at this equilibrium can occur as the diverse delay crosses some critical values.
In this paper, following [1] - [6] , our aim is to complete their analysis by proving the root of the characteristic polynomial of (1) to be simple. Furthermore, we investigate the model when the time delays τ 1 and τ 2 are small.
Stability and existence of Hopf bifurcation
The characteristic equation of the linearization of (1) at its unique equilibrium point (x * , y * ) is
where
In absence of delays, the equilibrium point is locally asymptotically stable 3 Case τ 1 = 0 and τ 2 > 0
Eq. (2) takes the form (1) is locally asymptotically stable for τ 2 ∈ [0, τ 20 ), and is unstable for τ 2 > τ 20 . System (1) undergoes a Hopf bifurcation at the positive equilibrium (x * , y * ) when τ 2 = τ 20 .
Proof. From Liao et al [7] , we see it remains to show the root λ = iω 20 (ω 20 > 0) at τ 2 = τ 20 of (3) to be simple. By contradiction, one assumes that it is not simple. Taking the derivative of (3) with respect to λ, and then evaluating at λ = iω 20 , we must have
We regard τ 1 as a parameter and consider τ 2 in its stable interval. Assuming small delays τ 1 ,τ 2 , we can write e −λτ 1 ∼ = 1 − λτ 1 , e −2λτ 1 ∼ = 1 − 2λτ 1 and e −2λτ 2 ∼ = 1 − 2λτ 2 . Consequently. the characteristic equation (2) becomes
If λ = iω, ω > 0, is a root of (4), then we have
Differentiating (4) with respect to τ 1 yields
By contradiction we have that λ = iω c is a simple root of (4) at τ 1 = τ 
We can state the following result. 
